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BASIC PROBLEMS OF A MICROSCOPIC THEORY OF A MANY BODY 

QUANTUM SYSTEM 

Y. S. JainQ 

Department of Physics, N.E.H.U., Shillong-793 022, Meghalaya, India 

(Dated: today) 

Basic problems of a microscopic theory of many body quantum systems and different aspects of a 
new approach which can help in solving them are discussed in detail. To this effect we make a critical 
study of the wave mechanics of two hard core quantum particles and discover its several untouched 
aspects, viz. : (i) the useful details of ipk(r) (representing the relative motion of two particles), 
(ii) the expectation value of hard core (HC) repulsion (< Vhc(t) >), (hi) the inconsistency of the 
statements, r < a and ipk( r < o) = (a = HC diameter of a particle), with uncertainty principle 
particularly for low k values, (iv) the lower bound of allowed values of k = 2q, (v) the dominance of 
interparticle phase correlation in low temperature phase. For the first time this study concludes that 
< Vhc(t) > has zero value which does not agree with its non-zero value known for the last several 
decades. This also finds compelling reasons for a system of interacting bosons such as liquid 4 He to 
have (q, -q) pair condensation with allowed q, obviously controlled by Vbc(t), to satisfy q > n/d. 
Several important aspects of N body quantum systems like liquids 4 He and 3 He are also concluded. 
Free from any error [see editor's note J. Scientific Exploration 16(1), p.l (2002)], our approach 
can help in developing nearly exact microscopic theories of widely different systems of interacting 
bosons and fermions, as demonstrated for liquids 4 He type systems [J. Scientific Exploration, 16, 
77-116 (2002)]. The paper also sums up the expert observations with our response to facilitate one 
to have a critical assessment and better understanding of the new approach. 

PACS numbers: 67.40.-w 67.57.-z 



1.0 INTRODUCTION 

Microscopic studies of a system of interacting bosons 
(SIB) such as liquid i He (LHe-4) and a system of inter- 
acting fermions (SIF) such as liquid 3 He (LHe-3) are of 
great fundamental importance jt[ || because these sys- 
tems provide an opportunity to investigate quantum ef- 
fects at macroscopic level. The scope of such studies has 
been widened by the recent experimental discovery of 
Bose Einstein condensate (BEC) in trapped dilute gases 
because interparticle interactions in these gases too play 
as important role as in LHe-4 j|. While the basic as- 
pects of the subject are elegantly discussed in several 
texts |4|, ||, H the wealth of experimental and theo- 
retical results generated from widely different studies of 
various SIB and SIF has been reviewed recently in sev- 
eral reports ^ M, books |l(], |llj and research articles 
p2| , fn|. References to other important publications and 
review articles of older times can be traced from all these 
sources and our recent publications |l4|, [l5], [l6| present- 
ing a new approach to the microscopic understanding of 
a SIB and its unification with that of a SIF. 

It appears that theories of these systems, developed 
by using different mathematical tools and varying sets 
of assumptions and conjectures, can be placed into two 
groups, viz., Gl group of the conventional theories which 
assume the existence of p = condensate, n p= o(T) (a 
macroscopic fraction of particles condensed into a single 
particle state of p = 0), as the basic origin of superfluidity 
of a SIB H [l0|, [ll[] and the formation of a kind of Cooper 
pairs as the main factor for the superfluidity of a SIF 



H |lO) , and G2 group of a recently developed theoretical 
framework which uses a new approach to formulate the 
microscopic theories of a SIB and SIF The 
approach makes no assumption like the existence of p = 
condensate for a SIB or the formation of Cooper like pairs 
for a SIF. In stead it uses the results that we obtain by 
solving the N body Schrodinger equation. It concludes 
that ( q, - q) bound pairs form an important basis for 
the unique properties of superfiuid phase of a SIB/SIF 

In one of the two approaches of conventional theories, 
one starts with the Hamiltonian of the system written 
in terms of second quantized Schrodinger field and then 
proceeds to solve the problem by using several important 
inferences such as : (i) the HC potential can be used 
perturbatively by pseudo-potential method, (ii) coupling 
constant can be related directly to the two body scatter- 
ing length (a) , (iii) a dimensionless expansion parameter 
(n.a 3 ) can be used to perform perturbation calculation, 
etc. 0, ||, |[ ||, H p. However, in an alternative ap- 
proach of variational calculations based on Jastrow cor- 
relation or Feenberg approximation one finds the radial 
distribution function, g(r), and liquid structure factor, 
S(Q), which can be used to calculate the ground state 
(G-state) properties, excitation spectrum, different ther- 
modynamic properties and equation of state Jl2| , p"3"| . 
Widely different methods of computer calculation of g{r), 
S(Q) and other properties are discussed and reviewed in 
]l8[ . In spite of highly complex mathematical formula- 
tions and calculations, these approaches are believed to 
have succeeded in obtaining certain results in support of 
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their presumptions of the existence of p = condensate 
in superfiuid 4 He and formation of (q, -q) bound pairs in 
case of 3 He as a basis of superfluidity of these systems. 
However, several experts in the field (e.g. Rickayzen [ [l9| , 
Woods and Cowley and Sokol [pTJ in case of A He and 
Senatore and March || in case of 3 He) also underline the 
limitations and difficulties of these approaches in provid- 
ing theories that explain the experimental properties of 
a SIB/SIF. 

Our new approach, on the other hand, is a simple ap- 
proach. It follows the standard method of solving the 
Schrodinger equation of the system and uses the wave 
mechanics of two HC particles as its basis. We make a 
critical study H] of this mechanics to discover its several 
untouched aspects which serve as the basic foundations of 
our approach. We find [jl5| [TtJ that : (i) each particle 
in a SIB/SIF represents (q, -q) pair moving with center 
of mass (CM) momentum K, (ii) with the onset of super- 
fluid transition these particles form (q, -q) bound pairs 
with their phase positions locked at a relative separation 
of S(f> — 2nir; it happens with every particle representing 
a (q, -q) pair and leads the system to have a kind of 
collective binding and a macro-molecular behavior, (iii) 
while the A-transition of a SIB represents the conden- 
sation of particles as (q, -q) pairs in the G-state of the 
system defined by q = ir/d and K = |l5[ ], the superfiuid 
transition of a SIF (l6[ |l7j represents the fall of (q, -q) 
pairs in a state of q = ir/d and K ranging between K = 
and K = Kp (with Kp being the Fermi wave vector); the 
formation of (q, -q) bound pairs in both cases arises as 
a combined effect of interparticle phase correlations and 
interparticle attractio n |l5[ [l6[ p"7| . 

As demonstrated in |l5[ , the new approach provides an 
almost exact theory of a SIB that explains the properties 
of liquid A He with unparalleled accuracy, simplicity and 
clarity. It has several advantages. It provides a frame- 
work that can unify the physics of widely different SIB 
(e.g. low dimensional systems, BEC state of dilute gases, 
etc. and SIF (e.g. superfiuid 3 He, atomic nucleus, su- 
percondutors, etc.) ]l6|, p~7| . It does not require complex 
mathematical formulations and involved computer calcu- 
lations. Evidently, these results provide enough reasons 
to search for the origin of the difficulties with our con- 
ventional approaches so that a comprehensive approach 
free from every problem can be identified for future stud- 
ies. To facilitate the process we make a critical study of 
certain physical realities of LHe-4 anf LHe-3 systems and 
intricacies of wave particle duality and conclude that cer- 
tain aspects of conventional approaches are in error and 
the new approach can help in developing an almost exact 
microscopic theory of these systems. 

The paper has been arranged as follows. While Sec- 
tion 2.0 defines the basic nature of a SIB/SIF to which 
our approach can be applied, wave mechanics of two HC 
particles, which serves as an important basis of a theory 
of a SIB/SIF, is critically analyzed in Section 3.0. The 



way this analysis modifies our conventional understand- 
ing of a N body system is discussed in Section 4.0 and a 
summary of this study is presented in Section 5.0. While 
the paper is basically an expanded version of Q, it also 
analyzes some important aspects of N body systems for 
the first time. For example, by using a systematic math- 
ematical derivation, this paper finds (cf. Section 4.5) 
that the expectation value of Vhc ( r ij ) for every state of 
N body SIB/SIF has zero value. This has a direct con- 
flict with non-zero value of < Vhc ( r ij ) > @, §| , that we 
know for the last seven decades. Similarly the allowed 
q values satisfy q > n/d indicating that no particle in 
a SIB/SIF has q = as presumed in conventional for- 
mulations. Unfortunately, in spite of the fact that our 
approach provides a theory that explains experimentally 
observed properties of superfiuid A He (even those which 
find no explanation in conventional theories), the accu- 
racy and importance of our work has been ignored. In 
stead it faced unexpected difficulties with experts not for 
any error Q but for the conflict of its basic ideas/results 
with those of their conventional framework. The history 
of the development of science witnesses many instances 
when non-conventional ideas/suggestions faced such dif- 
ficulties before their acceptability. Consequently, we sum 



up all these difficulties and our response 23 so that the 
accuracy of different aspects of our work could be criti- 
cally assessed and better understood. We hope that our 
approach should provide scientifically sound answers to 
different possible questions. It is satisfying that several 
competent people found merit in our work p3| . 



2.0 BASIC NATURE OF OUR SIB/SIF 

To a good approximation, interparticle interaction in 
LHe-4/LHe-3 type system can be represented by two- 
body interaction V(rjj) by presuming that the spin-spin 
type interactions (if exist) can be treated separately as a 
perturbation after solving the equation 
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for its allowed states. Vfaj ) can be considered as the sum 
of : (i) the repulsive potential V K (rij) approximated to 
a HC interaction Vhc ( r ij ) defined by Vhc ( r ij > c) = 
and VHc( r ij < c) = oo with a being the HC diameter of 
a particle and (ii) a relatively long range weak attraction 
V A (r t j). Since V A (r t j) can be replaced by constant neg- 
ative potential (say, —V ), atoms in these systems move 
freely like HC particles on a surface of potential —V D . 
This not only agrees with the translation symmetry of 
a liquid p4j , but also concludes that in formulating the 
theory of such a SIB/SIF we, at the first stage, have to 
deal with Vhc (fij ) and V A (r^ ) can be used as a pertur- 
bation at the second stage. As such the effective N body 



3 



Hamiltonian, with which a first stage analysis should be 
started, can be expressed by 



-2 N 



H°(N) 
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(2) 



However, following a discussion in Section 4.8, it is ev- 
ident that the effective interaction incorporated in our 
new approach hardly differs from the real interaction be- 
tween the particles. 



considered sufficient for most theoretical formulations of 
a SIB/SIF. However, we find no reason to ignore its ad- 
ditional details which not only simplify a theoretical for- 
mulation but also provide a better understanding of the 
system. To this effect we analyze V'fe( r ) as seen from a 
frame attached to their CM defined by R = and K = 
and find that 



ki 



(9) 



and 



3.0 WAVE MECHANICS OF TWO HC PARTICLE 



i"CAf(l) = -r C M(2) 



(10) 



3.1. Schrddinger equation : In what follows from the 
above discussion, the wave mechanics of two particles 
(say PI and P2) in a above defined SIB/SIF can be de- 
scribed by 



ft 2 / 2 



V H c{r) 



*(n,r 2 ) = EV(n,r 2 ). 



(3) 

For a central force like Vhc{t), Eqn.(3) can also be ex- 
pressed p5i as 



4m 



-Vr + VffcO) 



V(r,R) = EV(r,R) (4) 



with 



*(r,R) = V>fc(r)exp[i(K.R)] 



(5) 



describing a state of PI and P2 having relative momen- 
tum k and CM momentum K. Here ipk{f) representing 
the relative motion of PI and P2 satisfies 

[-(ft 2 /"*)V? + V HC (r)]Mr) = E k 1> k (r) (6) 

with Ek = E—fi 2 K 2 /4m. Different notations in Eqns.(3- 
6) including 



r 2 — Y\ and k = k2 — ki 



R = (ri +r 2 )/2 and K = ki 



(8) 



have their usual meaning. It is evident that while allowed 
k can be affected by VHc( r ), similar values of K rep- 
resenting a kind of free particle motion (exp [i.(K.R)]) 
are controlled only by the dimensions of the container. 
This difference in the nature of k and K motions of a 
pair clearly indicates that these motions can get totally 
delinked under certain physical conditions of a SIB/SIF. 
In fact, as found in our recent study of a SIB [|l5], this 
really happens below A-point and its superfluid phase is 
concluded to behave like a homogeneous mixture of two 
fluids as envisaged exactly by Landau p6[ . 
3.2. Characteristic details of ^ k (r) : The details of a 
ij) k (r), as defined by Eqns.(6 and 7), have so far been 



define the characteristic details of such a ipk(r). Here 
Tcm and q, respectively, represent the position and 
momentum of a particle with respect to the CM of the 
pair. It is evident that PI and P2 in their relative dy- 
namics have: (i) equal and opposite momenta (q, -q) (c/. 
Eqn.(9)) and (ii) they maintain a center of symmetry at 
their CM (cf. Eqn.(lO)). In other words, two particles 
in a laboratory frame could be identified as a pair having 
(q, -q) momenta at their CM which by itself moves with 
momentum K. 

3.3. Equivalence ofVHc( r ) and 8{r)— repulsion : Note 
that two particles of momenta ki and k2 collide with 
each other at their CM defined by r — and after this 
collision they either bounce back with an exchange of ki 
and k2 or they appear to exchange their positions. This 
aspect of the dynamics of PI and P2 does not change 
even if a had been infinitely small {i.e. 5— size). Only the 
probability of their collision should change with a change 
in a and it would be higher for higher a. Evidently, two 
colliding particles can be identified to behave effectively 
as particles of <5-size hard core or to interact through 
5(r)-repulsion. This implies Vffc( r ) = A.S(r) where A 
representing the strength of ^(r)-repulsion is given by 
]l5t A = h 2 /8md 2 . Note that this equivalence does not 
differ significantly from VffcM = A'.S(r) (with A' — 
h 2 .a/ (irm.d 3 ) = (%a/ird).A and a = s-wave scattering 
length) obtained analytically ||, ||. 

3.4- Correct form of ^/(r,R) : In view of 
VRc{ r ) = A.S(r), we find that two particles at r / 
experience no interaction because A.S(r) has zero 
value at all these points. Consequently, these par- 
ticles can be represented by plane waves, Ufc^rj) = 
(1/VV). exp (iki.Ti) exp [—iEtf/h] and ip(r, R), at all r ^= 
0, can be expressed either as 



&(ri,r 2 ) = u kl {ri)u k2 {r 2 ) 



(11) 



when PI and P2 having r >> A(« 2w/q) do not interfere 
with each other or as 



^{r ll r 2 ) ± = —= [u fel (ri)u fc2 (r 2 )±u fc2 (ri)M fel (r 2 )] 



(12) 
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when they have r ~ A. Eqn.(12) can be arranged to read 
as 

*(r, i?) ± = ip k {rf exp (iK.R) exp [-i(E k + E K )t/K\ 

(13) 

with 



and 



— cos (kr/2). exp [-iE k t/h] (14) 



(15) 



— sin (k.r/2) exp [~iE k t/h]. 



We find that 4 , k(f) + or defines a kind of station- 

ary matter wave (SMW) which modulates the relative 
phase position (<f) = k.r) of two particles in (/)-space. As 
shown in |H| , this modulation is the basic reason for the 
interparticle phase coherence experimentally observed in 
superfluid SIB and SIF; note that in optical lasers too 
we have cavity modes in the form of standing electro- 
magnetic waves which modulate the phase positions of 
photons. Note that V , fc( r ) + an d ipk( r )~ differ only in 
terms of the origin of the <f> — k.r scale by w. While 
= for tpk(r) + represents the center of an anti-nodal 
region of its SMW form, the same for ip k (r)~ represents 
a nodal point. This concludes ip k (r) + = ip k (r)~. To 
understand this equivalence we note that in the wave 
mechanical superposition there is no way to find whether 
two particles after their collision have bounced back on 
their respective sides of their CM or they exchanged their 
positions across this point. Since the former case repre- 
sents the self superposition of each particle, it can best be 
described by ipk(r) + because Vhc{t) would not operate 
in such superposition. However, the latter case implying 
mutual superposition of two particles should be repre- 
sented ipk{f)~ because the corresponding wave function 
has to vanish at r — due to Vhc{t) operating between 
the two particles. One can also use ip k (r)~ to represent 
the self superposition state of a particle with a under- 
standing that the quantum spread of the particle starts 
from r — (the nodal point of ipk(r)~ identified with 
the CM of the pair) to r = A/2 on the line joining the 
locations of PI and P2. Evidently, ^(r, R)~ is the best 
choice of the waveform that can correctly represent a pair 
of HC particles or a particle as the part of this pair. 
3.5. Correct value of < VHc( r ) > '■ In view of what 
has been concluded in the above section, we have to use 
ipk{r)~ (or ^(r,R)~) to evaluate < Vnci 1 ") > in a state 
of two HC particles (bosons and fermions alike). The 
anti-symmetry of ip(r, R) for the exchange of two par- 
ticles, agrees with the observation of Woo [^4| that HC 
bosons in configuration space behave the way fermions 
behave in momentum space. However, this does not 
mean that larger systems of HC bosons and HC fermions 
have no difference due to intrinsic spin values of bosons 



and fermions. They would differ in terms of the occu- 
pancy of the states of allowed K values. While any num- 
ber of boson pairs can have same K, no two pairs of 
fermions have this liberty ; note that by using the rela- 
tions, ki = K/2 + q, k 2 = K/2 - q, ki = K'/2 + q' and 
k 2 = K'/2 - q', one may find that ki ^ k 2 ^ k[ ^ k 2 
applicable to the set of four identical fermions is equiva- 
lent to K ^ K' when q = q' and q ^ q' when K = K'. 
As such by using ip(r,R) (Eqn.13) as a state function 
of two HC particles we find that 



< iP(r,R)-\A.d(r)\iP(r,R) >= \if> k (r) 



(16) 



which differs from its non-zero value reported in ^| . It 
is evident that only one of the two values (zero or non- 
zero) of < A.5(r) > can be true and one can easily find 
that Eqn.(16) is correct. 



4.0. SOME BASIC RESULTS FOR N BODY 
SYSTEMS 

4-1. Validity of Eqn.(3/4) for two HC particles in a 
SIB/SIF : Since Eqn.(3/4) basically describes two HC 
particles in free space, its validity for two such particles 
in a SIB/SIF must be established if we wish to use it 
as a basis to describe such a SIB/SIF. To this effect we 
note that two particles in a SIB/SIF encounter Vhc(t) 
only when they collide with each other. While this elas- 
tic collision leads to an exchange of momenta ki and k 2 , 
the fact remains that PI and P2 (before and after their 
collision) have free particle motion. Analyzing another 
possible situation in which mutually colliding PI and P2 
also collide with other particle(s), we find that ki and 
k 2 (or k and K) after such collision may assume new 
values, k^ and k 2 (or k' and K') but once again PI and 
P2 retain their free particle motion. As such the inter- 
particle interactions make a pair embedded in a SIB/SIF 
scatter /jump from its one state to another state of pos- 
sible k and K, while such a state of the pair in free space 
simply remains unchanged. Evidently, the basic nature 
of the dynamics of a pair in two situations does not dif- 
fer which means that the states of PI and P2 in such a 
system, in spite of their interaction with other particles, 
can be described by Eqn.(3/4). 

4-2. Correct boundary condition : We find that the 
boundary condition, ipk{f _ f) = or its equivalent, 
used to obtain a ipk(r) either as a solution of Eqn.(6) 
or by way of a choice to construct a ^(r, i?), implic- 
itly presumes that r = a can be determined precisely 
(i.e. with an uncertainty Ar — 0) which implies that 
momentum uncertainty A/c is infinitely large. However, 
since Ak = •*/(< k 2 > — < k > 2 ) for the pair in ipk(r)~ 
(Eqn.15) state can be at the most equal to k [27[ ], Ar = 
would be inconsistent with uncertainty principle for fi- 
nite k and we have no pair of particles in a SIB/SIF 
having k — oo. The degree of this inconsistency assumes 
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prominence, particularly, for particles of low momentum, 
viz., q < ir/a (i.e. A/2 > a) for which uncertainty in 
the positions of each particle, Ar = A/2, becomes much 
larger than r. Evidently, one needs to find a right al- 
ternative of rpkir < c) = condition. In this context 
we take cognizance of the fact that a particle in wave 
mechanics manifests itself as a wave packet (WP) of size 
A/2 (i.e. a sphere of diameter A/2) and because two HC 
particles do not overlap, their representative WPs should 
also have no overlap. Thus, the separation (< r >) be- 
tween two particles should satisfy < r >> A/2 condition 
or k < r >> 2n) |27j which also follows from the uncer- 
tainty relation, AfcAr > 2ir, because we expect k > Ak, 
and < r >> Ar. 

4-3. Allowed values of q : Since two particles in a LHc- 
4/LHe-3 have shortest < r >— d (the average nearest 
neighbor separation), < r >> A/2 could be read as 
d > A/2 which implies that lower bound of q should 
be q — q = ir/d. This does not support the assump- 
tion that particles in a LHe-4/LHe-3 can have q = 
and there can exist a q = condensate n p= o(T) in LHc-4 
below T\. This inference agrees with the fact that the ex- 
istence of n p= o(T) in superfluid A He has not been proved 
experimentally beyond doubt In fact, as discussed 

above, this assumption contradicts the uncertainty re- 
lation. The lowest possible q = q Q = n/d and corre- 
sponding energy e G = h 2 /8md 2 , so inferred, imply that 
each particle in the system exclusively occupies a cavity 
of volume d 3 and agrees with excluded volume condition 
PH supposed to be satisfied by HC particles. 
4-4- Interparticle phase correlations : When a particle 
manifests itself as a wave, its phase position <fi becomes 
more relevant than its r. Naturally, in the low tem- 
perature phase of a SIB/SIF where wave nature domi- 
nates the particle nature, the interparticle phase corre- 
lation defined by g(4>) = ^(r, i?) _ | 2 = \ipk(r)^\ 2 (an 
explicit consequence of wave nature) should be more rel- 
evant than interparticle position correlation defined by 
g(r) = \(f>k(r)\ 2 (a consequence of interparticle poten- 
tial) where </>fc(r) is the solution of hyper- netted chain 
Schrodinger equation jl2| The fact that this in- 

ference also applies to a LHc-3 is well evident since 
the details of tpk(r) describing relative dynamics of 
two particles does not differ for a pair of HC bosons 
and that of fermions. g(4>) can also be expressed by 
an equivalent quantum correlation potential |l5| U = 
-fc s T .m|^ fc (rn 2 = -fc B T .ln2sin 2 (k.r/2) (with T a 
being the temperature equivalent of e ) having mini- 
mum (= — fcsT .ln2) and maximum (=oo) periodically 
located at <fi — k.r = (2rt+l)7r (midpoint of an anti-nodal 
region a SMW) and 2nir (location of a node of SMW), 
respectively. As such this potential locks the particles 
at phase position separation A(f> — 2mt (with n = 1, 2, 
3, ...) and explains the origin of the experimentally ob- 
served phase coherence in the motion of particles in a 
superfluid phase of a SIB/SIF. It is important to note 



that our emphasis on g(cf>) does not ignore g(r). Rather 
it gives equal importance of g(r) and g(k) (the interpar- 
ticle momentum correlation) because of <p — k.r = 2mr, 
while the emphasis on only g(r) ignores g(k). 
4.5. < <£>n\V H c(r)\<£> n > : As reported in f§ j§, one 
obtains a non-zero < <& n \VHc( r ) = A.S(r)\ 4> ra > when he 
uses 

1 



E 

p 



(±1) [P1 [up at (rx)up aj (r 2 )...u PaN (r N )] 



(17) 

to represent a state of N particles and evaluates the in- 
tegral over ri and r 2 . However, in this process he does 
not encounter ipk( r ) to implement ipk(r)~\ r =a = 0, 
-the basic character of a pair waveform. Naturally, 
this process does not ensure the accuracy of non-zero 
< $7i\VHc{r)\$ n > so obtained j| ||. Guided by this 
observation, we rearrange Eqn.(17) as 

= "7= ^ {u ai (r 1 )u ai (r 2 ) ± u aj (ri)u ai (r 2 )} ■ 



l<3 



P' 



(±iy p ' [u P > ai (r 3 )...u P ' aN (rjv)] 



(18) 



which resolves V'fcM an d exp (i K. R) waveforms of 
two particles at r\ and r 2 (say) and evaluate the < 
^n\VHc( r )\^n > related integral over r and R. Note 
that P' in Eqn.(18) represents the permutation over dif- 
ferent a includes all N a ( i.e. oti, a 2 , ...aw) except 
those identified as on and ctj (with integers i and j run- 
ning from 1 to N). Defining 

(r,R) = [u ai (ri)u aj (r2)±u aj (ri)u ai (r 2 )] 

= Va„a J (r) ± exp[i(k l +k J ).R] (19) 

we find that 

<^^MI^>=^^^-^^ (3) (20) 

with 

I^r = / *V'a 1 ,a J (r) c *(r)Vaj,aj(r) c d 3 r 

= ^ ai , aj (r) c \ r =o^a' i ,a' j (r) c \r=o = 0. (21) 

Here tpai^j (t) c is that ipai^j (r)^ which vanishes at r = 
since only such a waveform can correctly represent two 
HC particles (bosons/fermions). We also have 



(2) 



I 



J exp [— i(ki + kj).R] 



. exp [i(kj/ + kj>).R]d 3 R 



= 5, 



(22) 



'(ki+k^.ck^+k,,) 

representing the conservation of momentum of two par- 
ticles in their collision, and 



7 (3) =< $' 1$' > = 



1 



(N-2)l^^ 

[5p>a 3 ,Q>a 3 ---Sp> 



(±1) 



[P'] + [Q'] 



a N ,Q'a N \ 



(23) 
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where $>' n , -a part of Eqn.(18), can be expressed as 

1 



$' n (r 3 ,...,r N ) = 



U P > ai (r±)...U P , 

( r Jv)]- 



(24) 



Evidently, < § n \A.8(r)\$> n > vanishing due to zero value 
°f liii'i' (Eqn.21) renders 



<$„L4.^(r fe -r Q )|$„ >=0 



(25) 



a<b 



which differs from its non-zero value [0, p|. It is impor- 
tant to note that the zero value of < <I> n |A<5(r) |$„ > 
should not be confused to imply that energy eigenvalues 
of a system of non-interacting particles are identical to 
those of a system of particles interacting through Vhc i r ) ■ 
While particles in the former case have no way to iden- 
tify the presence of each other and the lowest possible 
q = q = n/L and corresponding energy e — h 2 /8mL 2 
are decided by the size L of the container, q a and £ Q , in 
the latter case (c/. Section 4.2), are decided by d which 
is not only much shorter than L but is also decided by 
net sum of V(rij). 

4-6. Energy eigenvalue : It is evident that a particle 
in a SIB/SIF can be represented more accurately by a 
^(r, R) pair waveform (Eqn.13) than a plane wave due 
to its wave mechanical superposition with itself (self su- 
perposition) or with another particle (mutual superpo- 
sition) in a process of its collision; self superposition of 
a particle can also be visualized when it returns after 
its collision with the walls of the container. However, 
the consistency of this representation demands that the 
kinetic energy terms of H°(N) (Eqn.2) should also be 
paired as 



1 



hii) 

with = h\ and 

h 2 

hi = —z—Vi and h(i) 
Im 

Naturally, this renders 

N 



[hi + h^ 



8m 



N 



2m 



9 

Vn 



(26) 



(27) 



(28) 



l<3 



One can also use other schemes of pairing hi terms of 
H°(N) as discussed in |Q. The rearrangement of H°(N) 
as expressed by Eqn.(28) and representation of each par- 
ticle by a ^(r, R) type pair waveform facilitate in con- 
structing a wave function for a state of N particle system 
by following the standard procedure. This is particu- 
larly so because expectation value of VHc( r ij) = A.Sfcj) 
vanishes ( cf. Eqns. 16 and 25). For N particles we 



have N different ^f(r,R)~ rendering £ = N\ different 
\l/ ra (through permutations of qi or of N particles) for 
ri— th state of equal energy E n — E n (K) +E„ (k). Defin- 
ing 



A' 



E n {K) = J2< K )i and E n (k) = ^ e(k) z (29) 

i i 

we have 



= (t> n {q)4n{K) 



(30) 



with 



4- N 



n sin ( q * 



exp[-iE n (k)t/h] (31) 



and 



MK) = A 



N 



£(±iyn ex p[*( K -^]- 

' pK i=l 

exp[-iE„(K)t/h] (32) 



with A = y/l/N\. Here ^ p K (±l) p refers to the sum of 
different permutations of K over all particles. While the 
use of (+l) p or (— l) p in Eqn.(32) depends on the bosonic 
or fermionic nature of the system for their spin character 
of the particles, the use of the restriction qi > ir/d in 
Eqn.(31) treats the so called fermionic behavior (in the 
r— space) of HC particles (bosons and fermions alike). 
Evidently, a state function of TV HC bosons should differ 
from that of N HC fermions in the choice of (+l) p or 
(— l) p . Note that S different ty n counted above take care 
of the permutation of k = 2q. We have 



i) 



(33) 



which represents the general form of a state function 
that should reveal the physics of a SIB/SIF. Note that 
$„ represents a state where each particle, as a WP of 
size = n/q, has a plane wave motion of momentum K. 
Since (f> n (q) (Eqn.31) appearing in each \I>„ of Eqn.(33) 
through Eqn.(30) vanishes at every point n = rj, that 
defines the CM of i— th and j— th particles, one may eas- 
ily find 



< ® n \V H c{rij) = A.6(rij)\^ n >= 



(34) 



and 



N h 2 



i 

N 2 



(35) 
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which can be shown IlSfl to render 



E„ 



Nh 2 /8md 2 = Ne 



(36) 



as the G-state energy for a SIB for which all K values 
can be zero. However the G-state energy for a SIF, where 
only two particles (with spin up and spin down) can oc- 
cupy a state of an allowed K, is found to be Jl6], |l7j 



E = Ne + E F 



(37) 



with E F = /i 2 /8ttto(A^/1.5045V) 2/3 representing the 
Fermi energy of N particles derived for their K motions. 
Note that K motion of a particle in SMW configuration 
is a kind of free particle motion with effective mass being 
4m. 

4-7. V A (rij) as perturbation : It is obvious that V A (rij) 
can affect the relative configuration of particles in a 
SIB/SIF which, in the G-state of the system, is defined by 
the nearest neighbor separation d and the least possible q 
of a particle q = ir/d. Evidently, when this state of the 
system is subjected to a perturbation by attractive poten- 
tial, V A (rij), its G-state energy E D = Ne a = Nh 2 /8md 2 
changes to E' a = Ne' = Nh 2 /8md' 2 rendering a net fall 
in G-state energy by 



E„ 



Nh 
8m 



2 r 



1 1 

d 2 ^^ 



Nh 2 d! 



4m d 3 



(38) 



where d! represents the increased d value which arises 
due to zero point repulsion coming into effect at a 
temperature at which particles in the system satisfy 
At = 2d (with thermal de Broglie wave length, At = 
h/y / 2TTmkBT). In fact this force leads the system to 
have volume expansion on its cooling below certain tem- 
perature as observed experimentally for LHe-4 as well as 
LHe-3. We define E g as the energy gap between the nor- 
mal and superfluid states of the system. It also represents 
a kind of collective binding of all atoms for which the en- 
tire system can be identified as a single macro-molecule. 
4-8. Effective interparticle interaction : It may be noted 
that our approach of developing the microscopic the- 
ory not only replaces V^(rij), as an approximation, by 
VHc( r ij) = A.Sifij) but also imposes a condition, "that 
two WPs of HC particles should not share any point r 
in configuration space" , -equivalent to assuming the pres- 
ence of a repulsion of finite range, r a — A/2; it appears 
that the WP manifestation of particle extends the range 
of the influence of Vhc{t) from r a = a to r a = A/2 when 
A/2 > a. This repulsion is nothing but the zero point 
repulsion |29| which can be derived as the first d deriva- 
tive of e = h 2 /8md 2 representing the G-state energy of 
a particle. This again shows that A in Vhc( t ) = A.S(r) 
should be h 2 /8md 2 . 

Further, since V K (rij) in most SIB falls faster (in LHc- 
4 it varies as r -12 ) than the zero-point repulsion, varying 
as r~ 2 , the latter would dominate V R (rij) particularly 



for all r > a and < A/2 and this observation agrees with 
the experimental facts that : (i) LHe-4 and LHe-3 do not 
solidify due to zero-point repulsion even at T = un- 
less they are subjected to an external pressure of « 25 
and « 30 atms, respectively, and (ii) they exhibit vol- 
ume expansion with falling T around 2.2 and 0.5 K, 
respectively pti[. It may also be noted that our condi- 
tion, A/2 < d, identifies d as the upper limit of the WP 
size A/2 (the key aspect of our theory) of a particle and d 
is decided by the net sum of V{rij) without any approx- 
imation. Evidently, these observations prove that our 
theory accounts for the V K (rij) and V A (rij) components 
ofV(rij) close to their real effect. 

4-9. Why (q, -q) pair condensation : The phenomenon 
of superfluidity/superconductivity of a fermionic system 
is attributed to the condensation of Cooper pairs of 
fermions for a reason that the Pauli exclusion princi- 
ple forbids two identical fermions from occupying sin- 
gle energy state, while any number of these pairs pre- 
sumed to behave like bosons can do so. Because Pauli 
exclusion does not apply to bosons, conventional theo- 
rists find no difficulty in assuming the condensation of 
macroscopically large number of bosons into a single par- 
ticle state of p = as their main theme. However, this 
assumption ignores the fact that the way two fermions 
do not occupy same point in k— space, two HC par- 
ticles do not occupy same point in r— space. This is 
particularly important because the requirement of an- 
tisymmetry of two fermion wave function, <f> a (l,2) = 
[v k /(ri).u k »(r 2 ) - u k /(r 2 ).t> k '/(ri)], for their exchange, 
makes $ a (l,2) vanish not only for k' = k" but also for 
ri = r-2- Evidently, if $(1, 2) of two HC particles is sub- 
jected to a condition that it should vanish for ri = r 2 , 
$(1,2) has to be identically antisymmetric and would, 
obviously, vanish also for k = k . This implies that 
two HC quantum particles in r— space behave like two 
fermions behave in k— space and concludes that two HC 
particles (excluded to have r± = r 2 ) can not have k' = k", 
particularly, in a state of their wave mechanical superpo- 
sition (i.e. a quantum state of A > d). Note that the 
inference would be valid not only for particles of a w 
(i.e. particles interacting through <5-function repulsion) 
but also for 4 f/e type atoms because finite size HC repul- 
sion becomes equivalent to (5-function repulsion for parti- 
cles of A/ 2 > a [|l4|. However, we also note that there is 
a difference in Fermi behavior due to HC nature and that 
due to half integer spin; while the former excludes every 
particle from having q < ir/d (applies identically to HC 
bosons and HC fermions), the latter excludes two parti- 
cles (applies to fermions only) from having equal K. Ev- 
idently, this excludes the possibility of nonzero n p= o (T) 
which has also been shown to be inconsistent with ex- 
cluded volume condition of HC particles |2^| . 

As such like Pauli exclusion provides effective repul- 
sion to keep two fermions apart p0| , the volume exclu- 
sion condition applicable to HC quantum particles and 
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WP manifestation of quantum particles render such re- 
pulsion to keep their WPs at r > A/2; experimentally 
observed volume expansion of LHe-4 with decreasing T 
near T\ |3(| corroborates this fact. Evidently, there is 
no doubt that superfluidity of LHe-4 type SIB originates 
from the condensation of (q, -q) pairs. The binding be- 
tween two particles originates from their inherent inter- 
atomic attraction and this has been discussed in detail in 
Section (5.4) of pi. 



5.0. CONCLUSION 

As such, this study concludes that : (i) Under the 
approximation Vhc(t) = A.5(r), ^(r^ra) (Eqn. 11) 
(for the situation r > A/2) and ijjk(r,R)~~ (Eqn. 13) 
(for r A/2) represent exact solutions of Eqns.(3) and 
(4), respectively, (ii) allowed q values satisfy q > n/d 
(cf. Section 4.3), (hi) (^-correlations dominates the be- 
havior of low temperature phase (cf. Section 4.4), and 
(iv) < <f> n |A<5(r)|$„ > has zero value (cf. Section 4.5) 
which differs significantly from its non-zero value con- 
cluded through conventional formulations^, |J. The er- 
rors of non-zero value of < $ n |^4.5(r)|$„ > are also evi- 
dent from its dependence on momentum and spin distri- 
bution of particles ||] which does not agree with the fact 
that A.S(r = 0) = oo and A.6(r > 0) = is independent 
of momentum and/or spin states of two HC particles. As 
such the main sources of our basic problems in devel- 
oping a correct theory of a LHe-4/LHe-3 have been the 
finer intricacies of wave mechanics (cf. Sections. 4.2-4.6 
and Eqns.(16 AND 25) that we, somehow, missed for so 
long. This author too never imagined of this fact. Only 
recently, we identifies these intricacies and developed a 
new approach that resolves these problems and helps in 
finding an almost exact theory of a LHe-4(LHe-3) type 
SIB(SIF)Jl|, 0. As such the present analysis pro- 
vides strong foundations to our approach. We also find 
that : (i) our approach not only uses V R (rij) and V a (tyj) 
components of V(rij) effectively but also analyzes the 
way zero-point repulsion dominates the behavior of a su- 
perfluid SIB (cf. Section (4.8)) and (ii) there are com- 
pelling reasons (cf. Section (4.9)) for a SIB too to have 
(ii _< l) P arr condensation. 

The author is thankful to Prof. M.K. Parida for useful 
discussion. 
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